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BMO(p) AND CARLESON MEASURES

BY
WAYNE STEWART SMITH

ABSTRACT. This paper concerns certain generalizations of BMO, the space
of functions of bounded mean oscillation. Let p be a positive nondecreasing
function on (0, co) with p(0+) = 0. A locally integrable function on R™ is said
to belong to BMO(p) if its mean oscillation over any cube Q is O(p(l(Q))),
where [(Q) is the edge length of Q.

Carleson measures are known to be closely related to BMO. Generalizations
of these measures are shown to be similarly related to the spaces BMO(p).
For a cube @ in R™, |Q| denotes its volume and R(Q) is the set {(z,y) €
RT“: z€Q, 0<y<IQ)} A measure uon R is called a p-Carleson
measure if [u|(R(Q)) = O(p({(Q))|Q)]), for all cubes Q.

L. Carleson proved that a compactly supported function in BMO can be
represented as the sum of a bounded function and the balyage, or sweep, of
some Carleson measure. A generalization of this theorem involving BMO(p)
and p-Carleson measures is proved for a broad class of growth functions, and
this is used to represent BMO(p) as a dual space. The proof of the theorem is
based on a proof of J. Garnett and P. Jones of Carleson’s theorem. Another
characterization of BMO(p) using p-Carleson measures is a corollary. This
result generalizes a characterization of BMO due to C. Fefferman. Finally, an
atomic decomposition of the predual of BMO(p) is given.

1. Introduction. The space of functions of bounded mean oscillation, BMO,
is closely related to certain measures known as Carleson measures. In this disserta-
tion this relationship is extended to a generalization of BMO and a corresponding
generalization of Carleson measures.

Let f be a real-valued locally integrable function on R™ and @ a cube in R™
with sides parallel to the coordinate axes. (We will throughout restrict ourselves to
cubes with sides parallel to the coordinate axes.) We use the notation |Q| for the
Lebesgue measure of Q, [(Q) for the edge length of Q, and Q(f) for the average of
f over @, that is,

Q) = Q™! /Q f(z) de.

A growth function p is a positive nondecreasing function defined on (0,00) with
p(0+) = 0. Let p be a growth function or the constant function 1. If

sgpp(l(Q))_lQ(lf — QNN = Ifllemo(p) < 00,

we say that f is in BMO(p). Two growth functions are said to be equivalent
if their quotient is bounded from above and from zero. Clearly if p and n are
equivalent, BMO(p) = BMO(n). It is well known that when we identify functions
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differing by a constant BMO(p) is a Banach space with the norm above. A good
introduction to these spaces in the setting of the unit circle is in [12]. Dyadic
BMO(p), BMO(p)g, is the space of functions for which the above supremum taken
over dyadic cubes only is finite. A dyadic cube is a cube of the form Q = {z €
R™: a;27" < z; < (aj +1)27", 1 < j < m}, where n and a; are integers. It is
clear that BMO(p) € BMO(p)q, and simple examples show the inclusion is proper.
BMO(p)4 is an easier space to work with than BMO(p) since two dyadic cubes
either are disjoint or nested. However, BMO(p) is more interesting analytically since
it is translation invariant, while BMO(p)4 is not. A useful technique in studying
BMO(p) is to first prove a result on BMO(p)4 and then try to pass to the nondyadic
case (see [6]).

When p is the constant function 1 we have BMO(p) = BMO. A certain type of
measure on RT"! = {(z,y): = € R™, y > 0} is closely related to BMO. Those
positive measures p for which the map taking a function on R™ to its Poisson
integral on R’}:“ is bounded as a linear operator from LP(dz) to LP(du), for
p > 1, have been characterized (see [7 and 14, 236]). The characterization, which
is independent of p, is that

sup Q|7 u(R(Q)) = M(p) < co.
QCR™
Here R(Q) = {(z,y) € RT™": 2 € Q, y < 1(Q)}. This work was based on work
of Carleson [1, 2] in dimension one on the unit circle, and these measures are now
known as Carleson measures. The norm of the linear operator mentioned above is
bounded by C, M (u)'/P. Here and throughout the paper C will denote a constant
which may change with each usage, but which is independent of any variable in the
equation in which it occurs. So here the constant is independent of the measure u
and the function f € LP, but depends on p and the dimension.
C. Fefferman proved that a function f is in BMO if and only if

/lf(z)|(1+|z|m+1)'ldz<oo and oV f|? dz dy

is a Carleson measure [5, p. 145]. He also proved that BMO is the dual of the real
variable version of the classical Hardy space H'. In [3] Carleson proved construc-
tively that a function f in BMO with compact support can be represented as the
sum of a bounded function and the balyage, or sweep, of a Carleson measure with
respect to any of a broad class of kernel functions, of which the Poisson kernel is
representative. That is

f@) =g@)+ [ | Kyfe =) dult,y),

where g is bounded, u is a Carleson measure, and K (z) satisfies conditions (3.1)
in §3. The converse is true, given slightly stronger conditions on K(z). Carleson’s
theorem supplies another approach to the H!-BMO duality.

In this paper analogous results are proven for BMO(p), for a broad class of
growth functions. It now is convenient to give some definitions pertaining to growth
functions that we need, and to state some known results regarding them.

A growth function p is said to be regular if ¢ [~ (p(s)/s?)ds = p(t) < Cp(t).
The function p is of upper type « if p(st) < Cs*p(t), for all s > 1 and t > 0. The
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function p is of upper type less than « if p is of upper type 3 for some 3 < a. We
use the notation p(00) = lim;_,o p(t) = sup p(t), so p(c0) < co means that p is
bounded. We state the results we need in the following lemma.

LEMMA 1.1. Let p be a growth function.

(i) p s a growth function and p < p.

(ii) p ts regular if and only +f p ts of upper type less than one.
(iil) If p is regular then p(t1)/t1 < Cp(t2)/t2, t1 > ta.

For (i) see [12, p. 55] and for (ii) see [8, Lemma 4]. (iii) is a simple consequence
of (ii) and the definitions. Note that a regular growth function p is equivalent to
the continuous function p.

In §2 a theorem on BMO(p)q4 is proved.

In §3 the BMO(p) version of Carleson’s theorem on BMO is proved construc-
tively, for p a regular growth function. The proof uses the theorem in §2, and is
modeled on J. Garnett and P. Jones’ proof of Carleson’s theorem. A generalization
of Carleson measures is introduced. The converse of the theorem is also given.

In §4 the results of §3 are used to represent BMO(p) as a dual space, for p regular
and p(00) < 0o. As a corollary the BMO(p) version of Fefferman’s characterization
of BMO using Carleson measures is proved. An atomic decomposition of the predual
of BMO(p) is also given. §4 is concluded with some remarks on transferring these
results from R™ to T™, the m-dimensional torus.

This paper is a slight revision of my dissertation, written under the supervi-
sion of Donald Sarason. I wish to express my appreciation for all the help and
encouragement he gave me along the way.

2. A theorem about BMO(p)4.

THEOREM 2.1. Let f € BMO(p)q, where p satisfies p(2t) < Cp(t), and let Qo
be a fized dyadic cube. Then there exists a sequence {Qy} of dyadic cubes, Qx C Qo,
and a sequence {ar} of real numbers such that

(2.1) > lakl 1Qxl < ClFlP(U(Q))IQ
QrCQ

for all dyadic cubes Q, and

(2.2) f(@) = Qo(f) = ) _ arxq.(z)

a.e. on Qo. The constant C depends only on the dimension and p.

PROOF. To simplify things we can replace p by a growth function p which
satisfies

p(t) < p(t) < 4p(t)
(so BMO(p)q = BMO(p)4) and so that if ¢t; < t2, then either

p(t1) = p(t2) or p(t:1) < 3p(ta).

We now go back to using p to denote this new function.
Assume without loss of generality that || f|| = 1.
Set

G1={Q«k C Qo: Qx dyadic, Qx(|f — Qo(f)) > 2p(I(Qx)), and Qi maximal}.
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Maximality implies

(2.3) Qr(lf = Qo(N)N) < Mp(l(Qk))-
To see this let Q; be that dyadic cube with Q; D Qk and |Qj| = 2™|Qx|. Since
Qy ¢ G, we have

Qi(lf = Qo)D) < 2p(U(QF)) < 2Cp(U(Qk))

and
[*
Qx|

Qr(lf = Qo(f)]) <

s0 (2.3) follows.

It is clear that the @) have disjoint interiors, by maximality, and |J Qx covers
Qo\{f = Qo(f)} except for a set of measure zero, by the Lebesgue differentiation
theorem.

We continue with our selection of cubes by induction. Suppose we have com-
pleted (n — 1) steps and have a family G,,_; of disjoint dyadic cubes. For each
Q; € Gy set
G1(Q;) = {Qk C Q;: Qk dyadic, Qk(|f — Q;(f)]) > 2p(l(Qk)), and Q) maximal}
and G, = J{G1(Q,): @; € Gn_1}. Maximality again implies

(2.4) Qr(lf — Q5 (N < Mp(L(Qxk))-
Now, if Qr € G, for some n, we can find Q; € G,,—; with Qx C Q;. Let
ak = Qi(f) — Q;(f).

Note that (2.4) implies |ax| < Mp(l(Qk))-
We claim {|JG.} = {Q«} and {ax} satisfy (2.1) and (2.2).
As a step toward proving (2.1) we prove that for Q; € G,_;

(25) S Tkl IQel < 3 Mp(1(@,))1@s .

QrCQjy
QrEGn

Write by = Mp(I(Qk)), so |ak| < bg. Then

Y lal 1@l < Y bkl Qx

QrCQy
Qr€Gn

= > bie| Q| + > bi| Q|
p(H(Qi))=p(1(Q;)) p(UQK))<p(L(Q;))/4

= Zl + Zz
Clearly Y, < 1 Mp(1(Q;))|Q;], since the Qi are disjoint. As for ),
1
> el <X [ 1 - @Wlmen;

PU(Q;))=p(H(QE))
QkCQ;.QrEGn

Qi(lf = Qo)) = 2" Q% (IS = Qo(S)]),

1 1
< J, V- @iy < 31
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by the defintion of G1(Q;), the disjointness of the Qk, and the equality ||f|| = 1.
Since b; > by we have >, < 1b,|Q,|, and (2.5) is proved. Note that we have
actually shown, for Q; € Gp,_1,

3
(2.5) D belQxl < 3b51Q51
QkCQjy
QrEGn

We are now in a position to prove (2.1). Fix a dyadic cube @ and set

G1@ ={Q;eUGn @@ @ maximal |
The Q; in G1(Q) are disjoint and

oolakllQel < DD blQel= D D bilQsl

QrCQ QkCQ Q;€G1(Q) QkCQ; .
which, by induction and (2.5'), is

< ¥ Y (3) vl =co@ial

Q;€G1(Q)n=0

since b; < Mp(l(Q)) for all 5 and the @Q; are disjoint. (2.1) is now proved.
To prove (2.2), first let fo(z) = Qo(f). We define f, by induction. Assume f,,_;

is defined. Let
fa(@) = fr-1(z) + Z akX Qs (2)-
QkEGn

Then, for Qx € G,,
fn(z) =Qk(f)» erk'
Also, as before, for Q; € Gn—1

I Q& covers Q,\{f = Q;(f)}
QrCQjy
QKEGn
except for a set of measure zero, by the Lebesgue differentiation theorem and the
definition of G,,.
This, the Lebesgue differentiation theorem again, and (2.4) now imply that
fu(z) — f() a.e. on Qq. Thus

fl@)= lim fo(z)=Qo(f)+ D arxq.()

n—o00
Qk eUGn

a.e. on @y, and so (2.2) holds and the proof is complete.

3. Two theorems about BMO(p). In this section a nondyadic version of
Theorem 2.1 is stated and proved. Its proof, from Theorem 2.1, is modeled on the
proof of Carleson’s theorem on BMO [3] found by Garnett and Jones [6].

We need a generalization of Carleson measures.

DEFINITION. A measure ¢ on R'_f"'l is called a p-Carleson measure if

lo](R(Q)) < Cp(1(@))IQ)
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for all cubes @ in R™. The infimum of all constants C for which the above inequality
holds is denoted by N(o).
Suppose K(z) is a differentiable function on R™ satisfying

(3.1) K(z) >0, K(z) < C+ |z)~!

/K(x)dx =1 and |VK(z)|=o0(1) as|z|— oo.
For example, we can take K (z) to be the Poisson kernel on R™. We write K, (z) =
y "K(z/y), y>0.

THEOREM 3.1. Let p be regular and f € BMO(p) have compact support. There
1s a p-Carleson measure o such that

(3.2) flz) = /R"‘“ Ky(z —t)do(t,y)

e.. and so that N(o) < C||f|. The constant C depends only on K(z), m and p.

PROOF. Suppose f has support Sp = {|z;| < 1, 1 <4 < m}. For each a € Sp
we have, by Theorem 2.1,

Tof(@) = flz—a)= D aof"xqu(2) + Qo(f)
QrCQo
where Qo = {|z;| <2, 1 <7 <m} and
(33) S 1al™11Qkl < ClIfllp(@)IQ
QrCQ
for all dyadic cubes Q. The above equation defines T,. Let
@)= ) 4 xau(@):

U(Qi)=2""
We can assume without loss of generality that Qo(f) = 0, since if not we can add
the cube Qg to the family {Qx} above, with a(()a) = Qo(f). It is easy to check that
Ia(()o’)l < C|fllp(l(Qo)), so (3.3) will still hold. We now have

Tof(z) =) [ (x)
n=0

1
1Sol Js,

0o L (o) _ 0o
> s s, e+ @) da = 3 ot

by the Lebesgue Dominated Convergence Theorem. For any cube Q

|Q|/ Z | fr(z)]dx < Sup{|Q|/ Z [ fle z+a|dz}

2-n<U(Q)

= b {IQI > |a§f’>f|Qk|} < ClIfIIp(UQ)),

f(I) = T—a(Taf(x)) do

2 n<(Q)

a€Sy o)
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where Q and Q have the same center and [(Q) = 3I(Q). Hence, for any § with
0<é<1,

do = an dana

where do,, is surface measure on R™ x {y = §27 "}, satisfies

lol(R(Q)) < ClflIs~™p(6~1(Q))IQ
< Clfle~™ pU@))IQI,

since p is upper type less than one by Lemma 1.1. That is, o is a p-Carleson
measure.
Let

[ K- 0dot) = 3 fox Koz nla) = 3 o)
n=0 0
We will show that, for sufficiently small 4,

(3.4) |3 = )| < S5

We will then do an iteration which will prove the theorem.
To prove (3.4) first note that for any cube @, locally integrable function F, and
constant @ we have

1 ) .
@/QIF(z)—Q(f)ldxs @/QlF(ac)—a|al::;+lla/Q(F(:,j)_w)dgC

1
<2— / F(z) — a|dz.
a1 o |F(z) - a
Using this we see that for a fixed cube @ and a point z¢ € Q,

rgﬂ / |Z(fn(fv) — hn(2) = Q(fn — hn))| dz
2 ,.>A,(Q) ] / | = (fn = hn)(20) | dz
+21(Q)<2 W”(Q) |Q|/ |fn(2) — hn(z)|dz
=23, +23, +223

where A > 2 is a constant we will fix later.
To estimate ), we first need to establish

(3.5) |fn(2) — fu()l < C2¥(If1lp(277)|z — yl.

To see this first note that we may assume that [z —y| < 27", as otherwise (3.5) is an
immediate consequence of the easily established inequality |f.(z)| < C|f|lp(27™)
for all z. This is true since it is true for each of the f,(f‘).




114 W. S. SMITH

Now,

lfn(ac)—fn(yns,SO|/g 3 e+ )= xauly+ alldo

0[ =2-n

HfII

R el e) = xeu(y )l da

.50 I(Q
The integrand is 2y g, where

E={a€ Sp: + aand y + « fall in different Qk, [(Qk) = 27"},

and

1Sol Js,

(3.5) has now been proved.
Now. h,, = Kso » * f, has the same continuity as f,, since fK =1.So

m
< Ul < ey
=1

5, < 2027 | lp(2 )|z — x| da
< T ik :
<ol S AT penet _gomy
2-n>AlQ) (2 )
171 |, < Ol
colflae [ A a< @)

1-r
< CISILpU@)) < MMI—Q—

if A is large enough. The third to last inequality is just the definition of p being
regular and the second to last inequality results from p being of upper type less
than one, which is equivalent to p being regular by Lemma 1.1.

We have shown that 23, <[/ f|lp(1(Q))/6 for sufficiently large A.

To estimate Y, first note that by (3.5) and the estimate |fn(z)| < C||f[p(27™)
we get that

|fu(x) = fr * Ks2-n(2)] < el fllp(2”

for all n if ¢ is small enough, by standard reasoning. So,

22 =2 |fn fn*K62—"(z)|d$
: Q)< <A,(Q IQI/
_ AU p(t)
<ulfl ¥ peysce [ P

(Q)<2 "< AlQ)

< cel a2l  171p1(Q)

Q) - 6

if €A is small, that is for sufficiently small §. The next to last inequality follows
from Lemma 1.1(iii).
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Now for }_,,
Sy = IQI/ S 1fa(@) = fn * Ko (2)] do
Q2- "<l(Q)
<sup2 / Z |l (z) — £l Kgpn(z)| dz.
@He, e

Translation to the origin shows that it suffices to estimate the quantity following
the ‘sup’ sign for a = 0. Recall that Q is that cube with the same center as Q and
1(Q) = 31(Q). Let Q© = (Q)~ and pave R™\Q(©® with cubes S() congruent to
Q. Let QU) = SO, So, by definition f,(lo),

© XQe(2) _ Xau * Ksiou ()
<2;Q;lea ||Qk||Q|/‘ |Qk‘ o

dz,

as every dyadic cube Q) must be in some Q) since 27" < I(Q).
Now note that
/ X (¥)  xQi(7) * Ksiqu)(x)
R™ |Qx|

does not depend on [(Qk), as is seen by a change of scale. Thus, for € > 0, we can

choose a é so
/ 'XQk XQx * Ko@) (2)
QI

dz

3

|Qk| |Qk| Q|

for all k. Also, if Qx C QV), j # 0, then xg, (z) = 0 on @ and we get for the term
to be estimated

xQx * Ksiqy)
z)dz < sup Ky x—t

1 )
<COURM) Ft(0, 0T = dist(Q, QI jF

by (3.1) and since Qx C Q). So
i1 1Qk| 1
2, <2 S +C8l(Q )Z . o 2 1ol 1Ql
Oca® Q| —< dist(Q, QU))m+1 et

( ) (9
<Ol 2@ Rl +Co1@) T U e

by (3.3). And so

254 < Cela(lQ) + Copl@)IN@ [ =

Rm\Q(®) |CII - 120|m+1

< Cle + oI oti@)) < 11121

if € and 6 are small, that is if § is sufficiently small.
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Adding our estimates for 2)°,, 2>, and 2)_; we get that

Q (DU = hn = QU = b)) < IS 10(UQ))/2

and (3.4) is valid for sufficiently small 6.

We would be finished with the proof if we could iterate this. However, h,, does
not have compact support, which is needed in the construction. But, conditions
(3.1) on K imply that | h,(z)| and |V ) h,(z)| tend to zero as |z| tends to
infinity. This means that we can find a dlfferentlable function, g, so that g has
compact support and so

\Z ho(z) — g(z)) and ‘V (Z hn(z) — g(l‘)))

are both small. It is easy to see that this implies that || Y~ h, — gl is small. Using
this we can do the required iteration.

Let 0 < A < 271/ f|| and choose g as above so that |jg — ) hy| < 27'A. We
write by for f and ug for the measure o we constructed above. We have

~ [ Kl = O diolt.n) = () = 9(6) + (9() = 3 o))
= b](l’) +d1(I),

by has compact support, [|bi]| < [|f =3 hall+lg=3 knll < 2|If|l, and [|d1 || < 271
We can now repeat the entire construction for b;. Iterating this procedure while
dividing A by 2 at ecach step gives us, at step 7,

byr(e) = [ Ky ) diy 1 () = by(a) + ),

where b; has compact support, [[b;]| < (3)7(|f[l, [ld;]l < 277, and p;_ is a p-
(‘drlo%on measure with N(u; 1) < C(3)7~ 1||f|| It follows that

(3.6) f(2) - / Ky(z = ) dp" (t,y) = ba(2) + 3 dy(2),
7=1

where pu" = Z:‘:—(i p; is a p-Carleson measure with N(u™) < C| fl| 3272 %

Clfl-

We need to examine each side of equation (3.6) as n tends to infinity. It is
clear that b, + >°7_, d; is a Cauchy sequence in BMO(p), and so it converges to
a function. B, in BMO(p). Clearly ||B|| < A\. We now consider the left side of
equation (3.6). Let Q; be the cube centered at the origin with [(Q;) = 2*. For each
n we have |p"|(R(Q:)) < C|Ifllp(1(Q:))|Q:|. Tt follows that some subsequence of
{u"} converges in the weak-+ topology of measures on R(Q;). It is easy to show
that the limit measure is a p-Carleson measure with p-Carleson constant at most
C|If]|- A standard diagonalization argument now produces a p-Carleson measure
pon all of R with N(u) < C||f|| and u the weak-* limit of some subsequence
of {u"}. When we let n tend to infinity through the values of this subsequence,
equation (3.6) becomes

- [ Kyfa - 0 dut) = Bla),
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where ||B|| can be made as small as we please. A second limiting argument like
this one finishes the proof.

Notice that this proof does not require f to be compactly supported if we only
require a representation of f on a fixed cube. We therefore have the following:

COROLLARY 3.1. Let p be regular, f € BMO(p), K(z) satisfy (3.1), and @ be
a cube in R™. There is a p-Carleson measure o such that

1@ -QU) = [ Kyfa-t)dalty
R+
for almost all z € Q, and so that N(o) < C||f]|.

The converse of Theorem 3.1 is valid if we have a better estimate of the rate of
decay of VK(z). So now suppose that K(z) satisfies (3.1) and further that

(3.7) VK (2)] < C(1+ )™ .

THEOREM 3.2. Suppose that o is a p-Carleson measure on RT“, where p 1s
reqular. Further suppose that
(3.8) lo](R™ x (A, 00)) < 00
for sufficiently large A. Then

f@= [, Kfa=tdoty)

s in BMO(p), and ||f]| < CN(o).

Note that any o coming from g € BMO(p) via Theorem 3.1 satisfies (3.8).

PROOF. It is easy to see that conditions (3.1) and (3.8) imply that f(z) is locally
integrable, and in particular it is defined almost everywhere.

Now let a cube @ be given. Let @* be the cube with the same center as @ and
Q%) =21(Q). Let

fi(z) = / Ky(c - 0)do(t,y) and fa(z) = f(z) - f1(x).
R(Q*)
Then

/Q fl(x)|d:c§/Rm Ky(x—t)dx/R(Q‘)dwl(t,y)

< 1-27Q1p(2U(Q))N (o)
< CN(0)IQlp(l(Q))-
And so Q(|f1 — Q(f1)]) < CN(0)p(I(Q))-

For f, we first make the estimate for z;,z5 € Q that

Fa(z1) — folz)] < / Ky (21 — 1) — Ky (22— 0)ldlo](t.y).

RY+N\R(Q")
Now let Q) = @*, Q™ = (Q("~1)* for n > 2. We now use (3.7) to estimate
|Ky(z1 —t) — Ky(z2 — t)| when (t,y) € R(Q(n))\R(Q(n—l)).

Ky (21— t) - Ky(za — 1) =y \K (2= t) K (”y‘ t)l
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and if t € R™\Q(~1) this is
T — T2 C < C
y | @A)y S Q)
On the other hand, if y > 2"~1(Q), then the above is
ClQ) c
< =
C= Q) Q)

and so the same estimate holds here. Since for (t,y) € R(Q(™)\R(Q(™~1)) either
t e R™\Q(~V or y > 2"~ 1I(Q), the above estimate holds on R(Q(™)\R(Q("»~ V).
Now, going back to our estimate for |f2(z;) — f2(z2)|, we have

falz) — falz) < 3 /R . Ky (21 — ) — Ky (22 — Dldlo](t, )

<y ™

1 — T
<y m |22

(HI\R(QM™)
C 1
<y dlo|(t,
< a1 > g ot 1(0)

n=1

< O3 L Nt |Qlper Q)

since p is regular.
Combining our estimates of the mean oscillation of f; and f2 we get that

QUS = QNI < CN(0)p(l(Q)),

and the proof is complete.

4. Duality. In this section we use Theorem 3.1 to represent BMO(p) as a dual
space. S. Janson used other methods to do this [8]. We first give the definition of
the space he showed to be the predual. Let S be the Schwarz space of C* rapidly
decreasing functions on R™. H! is the real variable version of the classical Hardy
space H! [5].

DEFINITION. Let p be a growth function and ¢ € § satisfy [¢ # 0. Then
B(p,H!, ¢) is the space of all distributions f satisfying

17 8eps1.0) = /0 e+ flls do(t) < o.

The following results are in Janson’s paper.

LEMMA 4.1. Let p and n be equivalent growth functions and ¢, ¢ € S with
[ &, [¢#0. Then

(i) B(p,H',¢) is a Banach space;

(ii) B(p, H',$) = B(p, H',v) with equivalent norms;

(iii) B(p, H') = B(n, H') with equivalent norms.
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The change in notation in (iii) is all right by (ii).

Janson showed that B(p, H!)' = BMO(p). The kernel function K (z) in Theorem
3.1 need not be in S. This will allow us to represent the predual of BMO(p) as
a space of harmonic functions, for example, which Janson’s methods do not allow
when we are working on R™. For the sake of simplicity and familiarity we will
suppose that K(z) is the Poisson kernel for the definition and theorem below,
although any kernel satisfying (3.1) and (3.7) could be used. The Poisson kernel is
the function P(z) = ¢m/(1 + |z|?)(™+1)/2 (see [14, p. 61)).

DEFINITION. Let p be a growth function. C(p, H') is the space of all functions
f(z,y) harmonic on RT"’I satisfying

1o = /0 1£ (2, 9) s dply) < 0.

The H! norm in the integrand is taken with respect to z.
The following lemma is proved in the same way as Lemma 4.1.

LEMMA 4.2. Let p and n be equivalent growth functions. Then
(i) C(p, H') s a Banach space;
(ii) C(p, H') = C(n, H') with equivalent norms.

We now need some results about H'. For f(z,y) harmonic on R7*! we define
f+(z) = sup{|f(z,y)|: y > 0}. Then [ f* is one of several equivalent norms on H'
(5] This is the norm we will use. H} is the set of C* rapidly decreasing functions
in H!. :

LEMMA 4.3. Let f € H' and f(z,y) be its harmonic extension to RT'H. Then
0 N7 Cydlla SN Cy)llar o y2 <y

(il) f(,y) = f in H' asy — 0;

(iii) H} 4s dense in H'.

(1) is immediate from our choice of norm. For (ii) and (iii) see [14, pp. 221, 225].
LEMMA 4.4. Let f € C(p,H'). Then f(-,y) — f in norm as y — 0.

PROOF. Let € > 0. Choose N so large that

1/N 0o
/ + / 17 (@)l a1 dp(y) < e.
0 N

Now choose é and n so that 0 < 6, n < 1/2N and | f(z,6) — f(z,n)||lg: <
min(e,e/p(N)). This is possible by Lemma 4.3(ii). Now,

”f((l,‘,é) - f(mvn)”C(p,Hl)

1/2N N 0o
:/o +/1,2N * /N 1£ (2,8 +) = f(z,n+)llas dp(y)

=1 + 1 + I5.

By the choice of N,§ and n we have I) + I3 < 4¢. By Lemma 4.3(i),

I <||f(=,6) = f(z:n)l|larp(N) <e.

Thus || f(z,6) ~ f(z,m)|lc(p,ar) < 5€ if 6 and 7 are sufficiently small. The lemma
now follows by standard reasoning.
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LEMMA 4.5. H! is dense in C(p, H') if p(c0) < oo.

PROOF. By Lemma 4.4 we see that H! is dense in C(p, H!) and H} is dense
in H! by Lemma 4.3. Now let ¢ > 0 and f € C(p, H'). Choose g € H! so that
If = gllc(p.H1) < €. Now choose h € HJ so that ||g — h||g: < €/p(c0). Then, by
Lemma 4.3(i),

lg = e = /0 lg(z,y) — bz, 9)llm: doly)

<lg = hllg1p(o0) <e.

Thus || f — h|lc(p,H1) < 2¢, and the lemma is proved.

We also need the following notion of a sequence adapted to a growth function,
which can be found in [8].

DEFINITION. Let p be a regular growth function with p(00) < co. A sequence
{t:}&° of positive number is adapted to p is there are constants Cy and Cs so that

1 < C1 < p(ti)/p(tis1) < Coy 120,

and p(oo) < Cop(to).
There is never any problem in choosing the t; since the continuous function
t ft 2) ds is equivalent to p.

LEMMA 4.6. Let p be regular, p(co) < oo, {t;}§ be adapted to p and g €
C(p,H'). Then

> llg(zsto)llmp(2t:)
1=0

is an equivalent norm on C(p, H').

PROOF. The function p(t) = p(t;), ti+1 < t < t;, is an equivalent growth
function to p since {¢;}§° is adapated to p. By Lemma 4.2(ii)

[ el s Zugxt Wi plti-1) = p(t)

is an equivalent norm to ||gflc(p,s1)- This implies the lemma since {t;}§° is adapted
to p and p(2t) < Cp(t) for any regular growth function.
We need one last lemma, this time about BMO.

LEMMA 4.7. Let f € BMO and Qg be the cube centered at the origin with
1(Qo) = 1. Let Q, be any cube centered at the origin with Qo C Q1. Then

/(= f 1 (z) — @1 (f)]
/ lJ)r|z|m+(1)|d < Collfll and /Rm—lmml_dx<0”f”

PROOF. The inequality with Qg is in [5]. The proof shows that if Q; is used
instead of Qg a smaller upper bound results.
We now are ready to state and prove our duality results.

THEOREM 4.1. Suppose p is a reqular growth function and p(oo) < co. Then
C(p, H') = BMO(p) in the following sense:

(a) For f € BMO(p), L(g) = [ fg is a bounded linear functional on C(p, H'),
defined initially for g € HY, with |L]| < C| fllzmo(p);
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(b) any continuous linear functional L on C(p, H') corresponds as in (a) to a
unique function f in BMO(p), with || f|lsmo(e) < CIIL]|.

PROOF. We will prove (a) first, so assume f € BMO(p) and g € H}. This will
suffice since H} is dense in C(p, H') by Lemma 4.5. Since BMO(p) C BMO, we
have by Lemma 4.7 that

1/(z) — Qo(f)I
/ 1 | |m+1 dz < Co||fllBMo < Cop(00)||fllBMO(P)-
This, the second part of Lemma 4.7 and the rapid decrease of g means that for

€ > 0 we can find a cube @ centered at the origin so that if F € BMO(p) and
IFI < 1If1, then

| #-ary
R™\Q

By Corollary 3.1 we have that

f@-aun = [ Ple=tdoty)

|Fla) — Q(F)|

PRFLE dz < e.

(4.1)

< sup lg(z)(1 + 2™ )| /
z¢Q R™

for almost all z € @, where o is a p-Carleson measure with N(o) < C||f||. Let
z) = [gm+1 Py(z —t)do(t,y). Theorem 3.2 implies that ||h|| < C||f]|.
+

Now
/fg—f (f-Q(f g—/ h9+/Rm\ (f-Q(Ng /Rm\th,

and so we have that
/ fg| < ' / hg

by (4.1), since Q(h) = 0. So we need to show

e
By Fubini’s theorem

Rmhg_/m/m“ (z - t) do(t, y)g(x )dz—/ 9(z,y) do(z,y).

At this point we claim that we can assume without loss of generality that for our
function g in H{} there is a vector-valued function G so that G = (ug, u1, .- ., uUm),
where the functions u;(z, y) satisfy the Cauchy-Riemann equations on RT+!, G is
continuous and rapidly decreasing on R7*!, |G| >0, A|G| = O(1+y+ |z])~™¢
for some 6 > 0, and ug(z,y) = g(z,y). We can make this assumption by a limiting
argument found in [14, pp. 225-227]. Also see [5, p. 147]. It follows from this that

/R sup |G(z,y)| dz < Cllg(z, yo)l| -

m Y>Yo

+(1+4c)e

< Cllflismop)l19llc(p.b1)-

We also clearly have |g| < |G| on RT*!.
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Now choose a sequence, {t,;}§°, adapted to p, with C; < 10. Let A; = {(z,y) €
RTH: 2t; <y < 2t,_;} for > 0, where we take t_; to be infinity. Let do;(z,y) =
XA, (z,y)do(z,y). We then have

oo
| sendoy| <Y [ 1GE e
RTH =0 /RT™
We estimate these integrals separately. View |o;| as a measure on the half-space
H,, = {(z,y) € RT*": t, < y}. The fact that o is a p-Carleson measure implies
that |o;| is a Carleson measure on Hy,, with Carleson constant at most

Cp(2ti—1)N(o) < CC2p(2t:)|fI| < Cp(2t:)]| 1.

At this point we would like to use the theorem on Carleson measures, mentioned
in the Introduction, to estimate the above integrals. We cannot do this yet though,
since we need an exponent greater than one on the integrands. We overcome this
difficulty as in [5].

Let g=(m—1)/mifm>1, ¢=3if m=1, s(z) =|G(z,t;)|? and s(z,y) the
Poisson integral of s. Then we have |G(z,t; + y)| < s(z,y)P forp=1/g> 1, s €
LP(R™), and

lslg = /16l ds < Cllata )l

For this see [14, pp. 222, 223).
We now have, by the Carleson measure theorem, that

[ .. Gl wldoley) = [ 6@ ldely)
R+

t;

< / s(z,y — t)Pdloi(,y)
H,,

< Cp2t:)lI £l Nsllp < Cp(2t) 1 f 1l lg(z, t) -

Putting the above estimates together we have

/ hg[ < Cllf Imoe S g t) s p(2t:)
1=0

< ClfllBmop lgllc(p, a1y

where the last inequality is due to Lemma 4.6.

The proof of (a) is now complete.

We now go on to the proof of (b). Suppose L is a bounded linear functional
on C(p, H'). As noted before, we only need to find a representation of L on H{
since this is a dense subspace. If g € H§, then ||g|lc(,,a1) < p(00)|lgl| a1 Tt follows
that L induces a bounded linear functional on H!. Since (H!)’ = BMO, we have
L(g) = [ fg for some f in BMO. We will show that f actually is in BMO(p).

Let a cube Q in R™ be fixed and let g be any function such that support(g) C
Q, lg(z)] <|Q|7! and [ g = 0. We will estimate ||g||c(,,u1). We have

(42) otr) = [ Pa-no0ar= [ Pfe o)
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By Taylor’s theorem we have
(4.3) Py(z—t)=C1+ Cat
for each t € Q and (z,y) € RT!, and
v ()

< supC(y+ |z —¢))~1™

|Co| < sup

m+1
(4.4) a¥

by the estimate (3.7) for K(z) = P(z). Notice that C; will not contribute to the
above integral since [ g = 0.

Now let Q(© = Q and let Q™ have the same center as Q(®~1) with [(Q(™) =
21(Q(»~1)), for n > 1. Then

lgllceo,m) =/ sup |g(z, s)| dz dp(y)
RTH!

s>y

oo
=) / sup |g(z, 5)| dz dp(y)
R(QUW\R(Q(r-1) s>y

= io:[na
n=0

where we take Q(~1) = 0. Since |g(z,s)| < |@Q|~! everywhere, we have

I+ 1 < 1QI712™|QIp(2(Q)) < Cp(l(Q))-

Now, using (4.2), (4.3) and (4.4), by the same estimates used in the proof of The-
orem 3.2 we get that

I < gm0 lplu@ ) = LT oz

As before we get 3> , I, < Cp(4l(Q)) < Cp(1(Q)), and so ||gllc(p,H1) = Pomeo In

< Cp((Q)).
Thus, for any such g,

‘ / fg[ < CILAUQ)).
So, for g(z) = Q| sign(f(z) - Q(f))xa/(z), we have

1
a1 -ewi= [ otr-eun = [ o-ewns
< 20|LIp(Q)).

Therefore f € BMO(p) with f < C||L||. The proof of (b) is complete except for
showing that f is unique. But this is easy since the above argument shows that if
f1 and f2 correspond to L, then Q(|f1 — f2 — Q(f1 — f2)|) = 0 for all cubes Q. This
means | fi — f2/lBmMo(p) = 0.

Theorem 4.1 has the following corollary, which is analogous to a characteriza-
tion of BMO found by Fefferman [5, p. 145]. That (a) implies (b) seems to be well
known, at least for dimension one on the unit circle [12, p. 61]. The same proof
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works on R™, and so will be omitted here. That (b) implies (a) answers a question
by Sarason, asked in the setting of the unit circle. C. Mueller [11] and myself (un-
published) have found proofs in this setting. S. Janson [9] has found another proof
that works on R™. The proof below is similar to the proof of the corresponding re-
sult for BMO. In particular we need to have the predual of BMO(p) represented as
a space of harmonic functions. We write f(z,y) and g(z, y) for the Poisson integrals
of the functions f and g on R™, and |V f|? for |0f/0y|* + 3_7~, |0f/dz;|?.

COROLLARY 4.1. Let p be a regular growth function with p(co) < co. Then
the following are equivalent:

(a) f € BMO(p).
(b)

T
/Rm % dr <oco and y|Vf(z,y)|*dzdy

is a p?-Carleson measure on R:’f“.

PROOF. We only prove that (b) implies (a). The first condition in (b) implies
that the Poisson integral of f exists, and so the second condition makes sense.
In view of Theorem 4.1 it suffices to show that any f satisfying condition (b)
induces a bounded linear functional on C(p, H'), given by L(g) = [ fg for g in H§.
Fefferman’s theorem on BMO shows that (b) implies f is in BMO. In the proof of
that theorem it is shown that for f in BMO and g in H}

fo= 2/ YV i - Vgdzdy,
R™ R';“

and so it will suffice to estimate the integral on the right.

We again choose a sequence adapted to p, {¢;}§°, with C2 < 10, and as before
we let A; = {(z,y) € RT‘H: 2t; <y < 2t;—1}, © > 0, where we take t_; to be
infinity. We will estimate the above integral over each A; separately.

We now make the same assumptions on g as were made in the proof of Theorem
4.1, so we have a vector-valued function G satisfying the conditions listed there.

Now,

’ / ny'ngzdy] < [ 9111961 dzdy
A; A;

1/2 1/2
< ( [ v |G|dzdy> ( [ wvariar dzdy>
A; A;
= (I115)"/2.

The same argument used in the proof of Theorem 4.1 shows that

I < Cp*(2t)lg(z, t) |l mr -
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To estimate I, we use the inequality |[VG|? |G|~! < (m + 1)A|G]| [14, p. 217]. So

(m+1)"1L < C/ yA|G|dz dy
A;

< [ (y + t)AICI(z,y + ;) dz dy

1

<2 / yAIG(z,y + t;) dz dy
Rm+l

-
—2 / Gz, )| dz < Cllg(z,t:) s

The equality follows from Green’s theorem [14, p. 87].
Putting the above estimates together we see that

/A V1 - Vgdzdy| < Co(2t:)lg(a, t:) .

Lemma 4.6 now shows that

< Cliglicp.m1)-

/Rm+l yVf-Vgdzdy

+

This finishes the proof.

By keeping track of the various constants in this proof one can show that if o(f)
is the p?-Carleson measure in condition (b), then N(o(f)) is comparable to || f||?.

As another corollary to Theorem 4.1 we give an atomic decomposition of
C(p, H'), using the same type of reasoning used in [4] to give the atomic de-
composition of the H? spaces.

DEFINITION. A p — l-atom is a function a(z) on R™ satisfying:

(i) The support of a(z) is contained in a cube Q);

(ii) a(2)] < (p(U@)IQN ™Y

(iii) [a=0.

COROLLARY 4.2. A distribution f is in C(p, H') if and only if it can be rep-
resented in the form

(e o)
(4.5) > hiai()
=0
for a; p — 1-atoms and \; real numbers satisfying Y ;0 |Ai| < 00. Also

[1f]]| = inf {i|/\i|: (4.5) represents f}

1=0

is an equivalent norm on C(p, H').

PROOF. Let C be the space of all distributions that can be represented in the
form (4.5). It is clear that ||| - ||| is a norm on C. The proof of part (b) of Theorem
4.1 shows that any p— 1-atom is in C(p, H!), with its norm at most one. The series
(4.5) therefore converges in C(p, H!), since Y o2 |A:| < 0o. It is easy to see that
C is complete. It is clear that a function f in BMO(p) defines a bounded linear
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functional on C, given by L(a) = [ fa for an atom a. Also, any such functional
must be so represented, by the argument used to prove part (b) of Theorem 4.1.
Since C and C(p, H!) have the same dual space, represented in the same way, and
C C C(p,H!'), the Hahn-Banach theorem implies C = C(p, H!), with equivalent
norms. The proof is complete.

It should be remarked that if we consider functions on T™, the m-dimensional
torus, all the results in this paper are still valid. The proofs must be rewritten with
the torus in mind, and there are simplifications since compactness is no problem.
In Corollary 4.2 we would have to include the atom ao(z) = p(27)~1(27)~™, since
C(p, H') then contains nonzero constant functions.

p-Carleson measures on the unit disk of the complex plane have been studied for
p(t) = t*. See, for example, [10 and 13]. The methods of this paper generalize as
well as simplify some of these results.
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